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Multifractionation isoeffect data are commonly analysed under the assumption 
that cell survival determines the observed tissue or tumour response, and that it 
follows a linear-quadratic dose dependence. The analysis is employed to derive 
the oijß ratios of the linear-quadratic dose dependence, and different methods 
have been developed for this purpose. A common method uses the so-called F e 
plot. A more complex but also more rigorous method has been introduced by 
L a m et al. (1979). Their method, which is based on numerical optimization 
procedures, is generalized and somewhat simplified in the present study. 
Tumour-regrowth data are used to explain the nonparametric procedure which 
provides ajß ratios without the need to postulate analytical expressions for the 
relationship between cell survival and regrowth delay. 
1. Introduction 
T w o recent exper imenta l studies (Gut tenberger et al. 1990, K u m m e r m e h r 
unpubl i shed) deal w i t h the regrowth delay i n different exper imenta l t u m o u r 
Systems after fractionated X - r a y exposures. T h e data were used to derive a/j? ratios 
for the u n d e r l y i n g dose dependence of cel l su rv iva l and, i n one study, also to analyse 
recovery kinet ics of sublethal damage. T h e method of analysis was based on the 
same postulates as earlier treatments that employed the so-cal led Fe plots of the 
inverse of the total dose versus dose per fraction (Douglas and F o w l e r 1976), but 
the numer ica l procedures were different, i n be ing a general izat ion of the o p t i m i z -
at ion m e t h o d in t roduced by L a m et al. (1979). T h i s me thod , w h i c h has found a 
n u m b e r of appl icat ions (Douglas et al. 1979, H e n k e l m a n et al. 1980), offers 
substantial advantages over the use of the Fe plots . T h a t it is not yet i n general use 
may be due to its requirement of a special , a l though fair ly elementary, Computer 
code and—perhaps p r i m a r i l y — t o a certain lack of transparency that is inherent i n 
op t im iza t i on procedures i n v o l v i n g a n u m b e r of free parameters. In our analysis we 
have therefore u t i l i z ed as intermediate step a nonparametr ic approach w h i c h 
provides an estimate of the a//? ratio wi thou t the need to estimate further 
parameters. A l t h o u g h the me thod has been appl ied to more complex data ( G u t t e n -
berger et al. 1990), it w i l l here be expla ined for the s imple case of complete 
recovery. I n the appendix it is shown that the nonparametr ic me thod can be 
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extended to estimate two parameters in the more complex case of incomplete 
recovery. 
T h e analysis of regrowth delay is, i n its s imple fo rm, based on the usual two- fo ld 
assumption: 
1. Repa i r of sublethal damage between the i n d i v i d u a l exposures is complete , 
and the su rv iv ing fractions of the t umour cells for equal absorbed doses, dy are equal 
and fo l low the same l inear-quadrat ic dependence on dose. T h e overal l s u r v i v i n g 
fraction, *S, after a fractionated exposure is then given by the relat ion: 
- I n S = n{a.d + ßd2) (1) 
or 
In 5 OL D2 
where d is the dose per fraction, n is the number of fractions, and D = ndis the total 
dose; cc/ß is the 'crossover dose', i.e. the dose where the l inear component i n the 
surv iva l relation equals the quadrat ic component . 
2. T h e dura t ion of regrowth, t, of a tumour to a specified size is related to cel l 
surv iva l and, therefore, i m p l i c i t l y dependent on the same expression, x> i n dose and 
number of fractions that determines cel l su rv iva l : 
i = T(X) , w i t h x = n(alßd+d2) = oc/ßD + — (2) 
n 
The quantity, x, w h i c h is assumed to be p ropor t iona l to the logar i thm of cell su rv iva l 
and w h i c h depends on dose and n u m b e r of fractions, is termed the 'dose meta-
meter ' . T h e funct ional dependence between x and the observed effect, T , is cal led 
the ' l i nk funct ion ' . 
A s emphasized in cont r ibut ions to the p r o b l e m (Tucke r 1984, T h a m e s 1985), it 
is difficult to assess the va l id i ty of the above postulates on the basis of data sets f rom 
ind iv idua l studies. A c c o r d i n g l y such an assessment was not attempted in the 
preceding articles, and it is also not the subject of this report. T h e earlier 
investigations (see W i l l i a m s et al. 1985) w i l l , instead, be accepted as sufficient 
evidence that the postulates in Equa t ions (1) and (2) apply to the exper imenta l 
condi t ions described in the next section. T h e subsequent considerations thus deal 
w i th the der ivat ion of the oc/ß ratios and of the funct ional dependence T(X) under the 
assumed va l id i ty of the postulates. 
F o r the b io logica l endpoint considered here, i.e. the regrowth delay of a tumour , 
the funct ional dependence x(x) and the otjß ratio are u n k n o w n . T h e fami l iä r me thod 
to derive Qtjß, the so-called Fe plot of the inverse of the total dose versus dose per 
fraction of, permi ts an est imation of ct/ß wi thou t the need to assume or determine 
the unde r ly ing dependence, x(x). T h e method is attractively s imple , but it suffers 
from the disadvantage of necessitating somewhat uncer ta in interpolat ions between 
actual data points to obta in isoeffect doses. A c c o r d i n g l y it ut i l izes on ly part of the 
observed data (Tay lo r and K i m 1989). T h i s restr ic t ion can substantial ly reduce the 
value of the exper imental data. A more general procedure is therefore desirable that 
permits the der ivat ion of the funct ion T(X) and the ajß ratio by a s imultaneous fit to 
the entire data set for a tumour . T h e s imultaneous fit is, in the method of L a m et al. 
(1979), obtained by numer ica l op t imiza t ion w i t h a postulated analyt ical expression 
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for T(.X:) ( L a m et al. use the notat ion G and F instead of x(x) and x). T h i s is a va l id 
approach, but it is subject to the possible bias that results f rom the choice of the 
analyt ical expression. S u c h bias can be avoided by a nonparametr ic method that 
obviates the need to select an analyt ical expression for T(X). T h e nonparametr ic 
method has the advantage of computa t iona l s impl i c i ty , and it can either be used by 
itself or as an intermediate step that provides the necessary guidance for the 
selection of appropriate funct ional forms of x(x) to be employed in a parametr ic fit. 
2. Materials and methods 
T h r e e established transplantable tumours of different his tology are used to 
i l lustrate the me thod of analysis. T h e t u m o u r Systems, the exper imenta l procedure 
to transplant the t u m o u r cells, and the i r radia t ion procedures are described 
elsewhere (Gut tenberger et al. 1990). A br ie f summary of the exper imenta l 
methods and the condi t ions of i r radiat ions w i l l therefore be sufficient i n the present 
context. 
T u m o u r s were transplanted to 8 -10-week-o ld inb red female C 3 H mice (colony 
Neuherberg) as 1 m m 3 fragments by trocar into the subcutaneous tissue of the r ight 
flank under hexobarbi ta l anaesthesia. W h e n they had reached 80-150 m g they were 
allocated to treatment groups. S i x to 12 mice were i nc luded i n each dose group, and 
three or four dose levels were used for each fractionation pattern. T h e tumours 
were local ly i r radiated w i t h 300 k V X - r a y s at a dose rate of 4-6-5-7 G y / m i n . T h e 
mice were anaesthesized and the tumours were c l amped 5 m i n p r io r to and 
throughout i r rad ia t ion to ensure local h y p o x i a . T o m i n i m i z e dose inhomogeneit ies 
the mice were placed on a revo lv ing plate (1 rev /min) . 
Doses were moni tored d u r i n g i r rad ia t ion w i t h an ioniza t ion Chamber placed i n 
one of the exposure posi t ions on the revolving plate. T h e doses were del ivered at 
intervals of approximate ly 8 h i n one, two, four or eight equal fractions. F o l l o w i n g 
i r radia t ion the t u m o u r mass was measured regular ly once to three t imes a week, 
accord ing to the g rowth rate, un t i l a prede termined size (two to five t imes the pre-
treatment size) was reached. T h e measurements employed a Perspex ruler conta in-
ing a series of boreholes of increasing diameter, cal ibrated for t u m o u r mass. 
F o r the analysis the t umour size was normal ized to its value at the start of 
i r rad ia t ion , and an i n d i v i d u a l g rowth curve was plot ted for each tumour . T h e t ime 
after treatment to g row to a specified size was estimated f rom this curve. T h e 
absence of a t umour -bed effect was also checked f rom these i n d i v i d u a l curves. 
3. Method of analysis 
3.1. A minimization of iinverüons> 
F i g u r e 1 contains diagrams of the exper imenta l data for the three t umour 
Systems. E a c h data set consists of K observed regrowth delays, xk (k = 1, 2, . . . , K), 
for different combina t ions , Dk and nk) of total dose and number of fractions. T h e 
regrowth delay, T , is the difference between the t imes needed by the exposed and 
unexposed tumours to reach the specified size. T h e g rowth t imes, T 0 , for the 
uni r radia ted tumours were taken f rom previous t u m o u r g rowth measurements; 
they are assigned the values 10, 9-5, and 6 days for the m a m m a r y Carcinoma, the 
H a r d i n g Passey melanoma, and the fibrosarcoma. Imprecis ions of these values are 
irrelevant to the nonparametr ic analysis, and they are not h igh ly cr i t ica l to the 
parametr ic analysis. 
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Figure 1. Regrowth delays for three tumour Systems. In each experiment four fractionation 
protocols (one, two, four or eight fractions) were used with equal intervals between 
fractions (8 h). The curves result from a fit to the data according to Equations (6) and 
(2). 
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Figure 2. Relation between the observed regrowth delays and the dose metameters for an 
ajß ratio that is too large (a/ß = 400Gy, upper panel) or too small (ajß = ö, lower 
panel). 
A s s u m i n g a certain value ajßy one obtains f rom the exper imenta l data K pairs of 
metameter values, xk = ajßDk + D% jnky and observed regrowth delays, xk. I f the two 
basic postulates were fulf i l led, and i f the assumed ajß ratio were equal or nearly 
equal to the true value, one w o u l d obta in a set o f points (xk) xk) i n the {xy i ) -p lane 
that is close to the actual re la t ionship, T ( X ) , between regrowth delay and the 
metameter x = ajßD + D2jn. F o r a w r o n g value ajß one w o u l d expect a less 
consistent dependence, i.e. a larger 'scatter' among the set o f points (xky xk). 
A s a heuris t ic step, not as a necessary part of the analysis, one may first consider 
the (xky xk) diagrams that result f rom two w r o n g assumptions, namely f rom assumed 
values o f ajß that are either clearly too large or too smal l . T h e upper panel i n F i g u r e 
2 gives for the fibrosarcoma S S K 2 the d iagram for a//? = 4 0 0 G y , i.e. for a nearly 
l inear dose dependence; the lower panel gives the d iagram for ajß = 0y i.e. for an 
assumed pure ly quadrat ic relat ion. T h e upper panel is, apart f rom the factor ajß i n 
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the abscissa scale, v i r tua l ly equal to the cor responding d iagram i n F igu re 1. T h e 
salient point in F i g u r e 2 is that both of these badly chosen ajß ratios lead to large 
scatter and are therefore readi ly recognized as inconsistent w i t h the data. T h e 
mul t i f rac t ion data lie too low i n the upper panel and too h i g h i n the lower panel; the 
true mode l must , therefore be in between the two l imi t s , i.e. it mus t be a l inear-
quadrat ic expression w i t h some intermediate value oc/ß. T h e more consistent 
relat ion obtained w i t h a suitable estimate of a/j? w i l l be g iven be low (see F igu re 4). 
T o derive the correct ot/ß, one must search for the value that yields the (xky xk) 
diagram w i t h the least degree of scatter. T h i s requires a measure for the extent of 
the scatter of the points a round a c o m m o n monotone dependence. O n e possible 
choice is the Spearman rank correlat ion coefficient w h i c h has been used i n the 
analysis of s imi la r data (Mac ie jewsk i et al. 1989, Vegesna et al. 1989). A n o t h e r 
s imple and meaningful , i f somewhat arbi trary, measure is the number , / , of 
' invers ions ' , i.e. the number of combina t ions wi th xk<Xj and Tk>Tj. S u c h c o m b i n -
ations shou ld not occur , except for Statistical f luctuations and exper imenta l inaccur-
acies. I n the example of F igu re 2, one has 32 inversions for the l inear mode l and 34 
inversions for the quadrat ic mode l ; the n u m b e r of resul t ing inversions is consider-
ably smaller for intermediate values of a/jS. 
T h e use of the number of inversions to estimate parameters i n generalized linear 
models has been proposed by H a n (1987). A s he points out, it is based on the 
K e n d a l l rank correla t ion coefficient w h i c h is, l ike the Spearman rank correla t ion 
coefficient, a measure of correlat ion between two variables when their functional 
dependency is u n k n o w n . 
T h e s imple coun t ing of inversions w o u l d be an acceptable procedure, i f the 
variables x and x were measured only on an ordinal scale. B u t here one can sharpen 
the analysis by g i v i n g sui tably chosen weights to the inversions. O n e weight factor 
that suggests itself is the Square, (x j — xk)2 j(o2 + Gk)y of the negative difference 
between the regrowth durations; the denominator i n this expression accounts for 
the Standard errors, Cj and cky of the observed regrowth delays Xj and xk w h i c h are 
mean values of several measurements. O n e cou ld also use the data f rom i n d i v i d u a l 
animals, and w o u l d then merely use the term (Xj — xk)2 in the weight factor. 
A n added plausible term in the weight factor is the Square, (Xj — xk)2lxy o f the 
difference between the arguments; it reflects the cond i t i on that the (positive) 
difference (xk — T t) between regrowth delays should be largest for large differences 
(Xj — xk)y and that, accordingly, inversions should be less l ike ly for large values of 
(Xj — xk). T h e te rm x is the average of al l values xk (k= 1, . . . , K); it is inc luded to 
avoid the artefact, that the weight factors increase w i t h increasing OLJß ratios merely 
because the values xk increase. T h i s w o u l d bias the OLJß estimates toward smaller 
values. 
W i t h the above choice of the weight factors one ut i l izes , instead of the n u m b e r / 
of inversions, a sum of weighted Squares, SIy over the / inversions (jyk)y i.e. the 
combinations w i t h Xj<xk and Xj>xk: 
0\*) 
(Xj-Xk)2 (Xj-Xk)2 
(3) 
w i t h : 
and x 
1 £ 
(4) 
Derivation of ajß ratios 1259 
T h e dependence of the parameter Sj on the ajß ratio can now serve—without the 
need to employ an opt imizat ion a lgor i thm— to derive estimates of the ajß ratios for 
the different t u m o u r Systems. F i g u r e 3 represents i n three panels the resul t ing 
parameters L o g a r i t h m i c scales of ajß and of Sj are used to give the dependences 
over wide ranges f rom smal l to large ajß ratios. 
T h e m i n i m a l values Sj result for a l l tumours at ajß ratios close to 30 G y . These 
values are i n good agreement w i t h ajß ratios estimated for these largely hypox ic 
t umour Systems i n earlier studies (see K u m m e r m e h r et al. 1984). T h e resul t ing 
(xky xk) diagrams are g iven i n the three panels of F i g u r e 4. T h e r e is some remain ing 
degree of scatter, but it lies w i t h i n the r ä n g e of Standard errors of the observed 
regrowth delays, and there is n o w — i n contrast to the example i n F i g u r e 2—no 
ind ica t ion of a systematic t rend of the differences between small and large numbers 
of fractions. 
T h e parameter Sj chosen for this analysis is, o f course, somewhat arbi trary, and 
one c o u l d select other parameters w h i c h migh t produce further sl ight improve -
ments i n the estimated ajß ratios. T h e choice is, however, just i f ied by the coherent 
dependences T(X) (plotted in F i g u r e 4) for different fraction numbers . T h e 
advantage of the approach is its comparat ive s imp l i c i t y and transparency, and the 
absence of a bias ar is ing f rom the untested assumpt ion of an analyt ical expression, 
such as a power funct ion , for the u n k n o w n dependence T(X). 
A disadvantage of the approach is the diff iculty to provide Standard errors of the 
estimated ratios ajß. I n the absence of a r igorous expression for the Standard error 
of the parameter ajß, one uses a nonparametr ic procedure, the bootstrap method , to 
estimate the Standard errors. T h e me thod has been shown (see e.g. E f r o n 1979, 
1982) to be appl icable i n almost any nonparametr ic es t imat ion p r o b l e m and to give, 
under reasonable condi t ions , results w h i c h are asymptot ica l ly correct. T h e boot-
strap me thod is used here to estimate not on ly the Standard errors but also the bias 
of the estimated parameters ajß. 
In the actual calculat ions modi f ied data sets are repeatedly generated, i.e. 
regrowth-delay values are replicated f rom no rma l d is t r ibut ions w i t h means and 
Standard deviations equal to the exper imenta l ly observed means, xiy and the 
Standard deviat ions, a(. F o r each of the s imula ted data sets one derives a value ajß 
by the nonparametr ic es t imat ion procedure , and f rom a sufficient number of data 
sets the 'bootstrap d i s t r i bu t ion ' of the parameter ajß and 'the bootstrap estimate' of 
the Standard error are obta ined. In the computa t ions it was sufficient to generate 
100 data sets. 
S i m i l a r computa t ions have been per formed i n terms of the s imple unweighted 
number of invers ions . T h e resul t ing estimates and the Standard errors are g iven i n 
the intermediate panel of T a b l e 1. O n e notes that the estimates based on the 
weighted statistics are more efficient, i.e. that they have smaller Standard errors. 
T h e efficiency of the estimate is not the on ly relevant aspect; one needs to ask 
also for a possible bias. H a n (1987) has shown that his ' m a x i m u m rank-corre la t ion 
e s t ima to r '—which is largely analogous to the estimator based on the s imple number 
of invers ions—is unbiased under fair ly broad condi t ions . H o w e v e r , these c o n d i -
tions inc lude the requirement that the independent variables, i.e. i n the present case 
the doses and the n u m b e r of fractions, are r andom variables w i t h a k n o w n 
d i s t r ibu t ion . T h i s cond i t i on is not met i n our data, where the doses and the fraction 
numbers i n the experiments were chosen accord ing to judgement . T h e bootstrap 
procedure has therefore been modi f ied to assess the magni tude of a possible bias. 
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Figure 4. Regrowth delays zk> versus the dose metameter xk = 0LJßDk + D\\nk. The values of 
ajß are those in Figure 3. 
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Table 1. 
D. Chmelevsky et a l . 
Nonparametric estimates of the a//?-ratios and Standard errors 
Estimates based on the weighted function, Sl 
H P III-5: QL/ß (Gy) = 3 1 - 9 ( ± l l - 3 ) 
A T 1 7 : =29-9 (±4 -7 ) 
S S K 2 : =31-9 ( ± 6 - 7 ) 
Estimates based on unweighted number of inversions, / 
H P III—5: ajß (Gy) = 38-5 (±20-4 ) 
A T 1 7 : =29-2 (±11-2 ) 
S S K 2 : =31-9 (±12-6 ) 
Bootstrap estimate of the cc/ß ratios based on the function 
St and on assumed values 31-9Gy, 29-9 G y , and 31-9Gy. 
H P III-5: <xlß (Gy) = 38-9 (±10-7 ) 
A T 1 7 : =30-6 (±5 -3 ) 
S S K 2 : =32-3 (±5 -9 ) 
A l l Standard errors are obtained by the bootstrap method. 
In the modif ied procedure the same doses and numbers of fractions, and the 
same variances of the regrowth delays, are uti l ized as in the original data, but the 
mean values of the regrowth delays are replaced by the exact values which result 
when the relations in F igu re 4 are approximated by straight l ines. A n unbiased 
estimator should then, on the average, produce the values of ajß tabulated in the top 
panel of Tab le 1. I n reality one obtains the mean values and the Standard errors 
which are given in the bot tom panel of T a b l e 1. O n e recognizes that there is bias, 
and that it depends on the characteristics of the data set. A s seen in further 
calculations, the estimated value can be either too small or too large. T h e 
magnitudes of the bias are, however, generally smaller than the Standard errors. 
T h e bias is comparable to the Standard error only in the case of the H a r d i n g Passey 
melanoma, but this may merely reflect the fact that these data are, at the higher 
doses, subject to large Statistical errors. O n e concludes that the nonparametric 
estimation is biased, but that the bias does not systematically lead to over- or 
underest imation of the a/ß ratios, and that it appears to be m i n o r compared to the 
Standard error. 
3.2. Parametric least-squares Solution 
T h e diagrams in F igu re 4 suggest fairly s imple l ink functions, T(JC), and it is 
therefore of interest to examine parametric fits. T h r e e different models were 
tentatively employed , to find the least-squares Solutions to the data in terms of the 
relation between the regrowth delay, T , and the metameter x = a/ßD + D2ln. T h e 
three models were: 
1. a linear relation 
cx (5) 
2. a more general power funct ion 
T = (6) 
3. a l inear-quadrat ic relation 
T = C L X - \ - C 2 X 2 (7) 
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Re la t ion (5) has two free parameters, ajß and c\ relations (6) and (7) contain three 
free parameters. 
T h e parameters are estimated f rom a weighted least-squares fit: 
£ (fk-T(*t))2/<7k2 = min (8) 
k= 1 
Tk are the observed regrowth delays, and T(xk) are the values f rom Equa t ions (5)-(7); 
Gk are the Standard deviations of the observed values tk. 
E q u a t i o n (5) is not a l inear expression i n its two parameters ajß and c. However , 
one can use the two parameters cajß and c, and then the estimates can be obtained 
direct ly us ing a l inear least-squares fitting. F o r the other equations one needs 
s imple nonl inear op t imiza t ion a lgor i thms. 
A pure ly l inear l i nk funct ion r(x) leads, as seen f r o m T a b l e 1, to fits w i t h 
excessive sums of Squares; it must therefore be rejected. T h e two other models lead 
to fits of about equal qual i ty . T h e choice between the two models is, however, 
uncr i t i ca l ; the resulting values, ajß, are, as seen i n T a b l e 2, v i r tua l ly the same. In 
F i g u r e 5 the data pairs (xky TK) are compared to the values T(X) resul t ing f rom the 
power- func t ion m o d e l . T h e so l id lines i n F i g u r e 1 correspond to the same Solution, 
i.e. they represent the regrowth delays accord ing to E q u a t i o n (6) w i t h the 
parameters g iven in T a b l e 2. 
4. Conclusion 
T h e nonparametr ic me thod to analyse the effects of fractionated exposures on 
turfiours or on n o r m a l tissues is largely analogous to the me thod of L a m et al. 
(1979), but it requires no a priori assumpt ion on the relat ion between cel l deplet ion 
and the observed endpoint . T h e numer i ca l procedure is s imple and needs no 
op t imiza t ion a lgor i thm. It has here been appl ied under the fami l i ä r assumpt ion of a 
l inear-quadrat ic dependence for ce l l su rv iva l and provides the estimates of the ajß 
ratios. T h e method is, however, equal ly appl icable , i f other dose dependencies are 
assumed. 
T h e nonparametr ic a lgor i thm is par t icu lar ly suitable for the est imation of a 
single parameter, but it can also be used for more complex data. T h e appendix 
exemplifies this i n terms of t umour - r eg rowth data for exposures w i t h incomplete 
recovery between fractions. 
Appendix: Extension of the nonparametric method 
T h e nonparametr ic me thod can be extended to the more complex Situation of 
exposures w i t h incomplete recovery between fractions. 
Gut tenberger et al. (1990) have used regrowth-delay data for several t umour 
Systems, to analyse the kinet ics of recovery f rom sublethal damage. T h e y employed 
the parametr ic op t imiza t ion method . W e w i l l here exempl i fy the appl ica t ion of the 
nonparametr ic me thod to the same exper imenta l data. 
I f there is incomple te recovery between fractions, one obtains, instead of 
E q u a t i o n (2), a relat ion that contains cont r ibu t ions to the quadrat ic te rm due to any 
pair among the n fractions. One usual ly assumes that the ' suble tha l ' damage 
decreases exponent ia l ly i n t ime; w i t h an assumed recovery t ime t0 ( t ime for decay of 
Table 2. Estimate of the ajß ratios with analytical expressions 
(a) Linear model: x = cx with x = alßD + D2/n 
*lß (Gy) c ( d a y G y 2 ) Sum of S q u a r e s 
H P III-5 
A T 17 
S S K 2 
24-1 (10-7) 
27-5 (7-4) 
22-7 (7-0) 
0018 (0-004) 
0027 (0005) 
0-0063 (0-0011) 
21-3 
17-5 
28-3 
(b) Power m o d e l : x — cxp 
*lß (Gy) c P Sum of S q u a r e s 
H P III-5 
A T 17 
S S K 2 
35-0 (4-5) 
30-6 (3-2) 
27-9 (2-9) 
3-02 x l O - 6 (4-4 x l O - 6 ) 
6-65 x l O - 4 (5-3 x l O - 4 ) 
8-3 x l O " 5 ( 5 - 8 x l 0 - 5 ) 
2-06 (0-17) 
1-47 (O l ) 
1-54 (009) 
4- 31 
5- 41 
7-68 
( c ) Linear q u a d r a t i c model: T = C1X + C2X2 
*lß (Gy) cx ( d a y s G y - l ) c2 (days G y - 2 ) Sum of S q u a r e s 
H P III-5 
A T 17 
S S K 2 
34-9 (4-1) 
30-7 (3-2) 
28-3 (3-5) 
0 (2-6 x l O - 3 ) 
131 x l O - 2 ( 0 - 2 8 x l 0 - 2 ) 
2-48 x l O - 3 (0-6 x l O - 3 ) 
5 0 x l O - 6 (1-0 x l O - 6 ) 
5-23 x l O " 6 (1-2 x l O - 6 ) 
1 21 x l O - 6 (0-22 x l O - 6 ) 
4-32 
5*61 
7-36 
Standard errors are in parentheses. 
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Figure 5. Regrowth delays, xk1 versus the dose metameter xk = alßDk +D2lnk. The values of 
ajß are derived from a least Squares fit to Equation (6). 
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the damage to decrease to \\e of its in i t i a l value) and w i t h the t ime interval At 
between fractions this leads to the relat ion: 
x = alßD + qn(At)D2ln (A.l) 
wi th : 
9 „ ( A 0 = - £ e x p ( H * - * | A * / / 0 ) 
n i,k 
n-i 2(n — i) 
= 1 + £ J ^ e x p ( - y A / / * 0 ) 
qn(At) equals 1 for At^>t0) i.e. for complete recovery, and n for At = 0, i.e. for no 
recovery between fractions. It can be shown that this relat ion agrees w i t h the closed 
expressions der ived by T h a m e s (1985) and also w i t h the formulae u t i l ized by 
Ke l l e r e r and Ross i (1972). 
Gut tenberger et al. (1990) in their experiments used fractionated exposures w i t h 
different t ime intervals of 0, 20, 55, and 3 6 0 m i n between fractions. T h e i r 
experimental data are given in F igu re A I . 
C h o o s i n g the same statistics, *S7, that have been descr ibed in the m a i n text, but 
us ing the changed metameter, one deals w i t h a m i n i m i z a t i o n p r o b l e m in two 
dimensions. T h i s can s t i l l be handled wi thout an op t imiza t ion a lgor i thm; one can 
s imply plot isovalue lines of Sj in the plane of the two parameters ajß and t0. T h e 
result, for the example of the f ibrosarcoma S S K 2 , is represented i n F i g u r e A 2 . T h e 
60 
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cd 
o 
40 
20 
t ime between fractions 
• 0 
• 20 m i n 
A 55 
• 360 
0 20 40 60 80 
total dose (Gy) 
Figure A I . Regrowth delays for the fibrosarcoma S S K 2 . Four fractions have been used 
with time intervals between fractions as indicated. 
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t 0 (min) 
Figure A 2 . Lines of equal values of the weighted number of inversions, S[y in the plane of 
the parameters ajß and t0. The point in the centre corresponds to the minimum of SIf 
i.e. to 37-3 G y and t0 = 44*6 min . 
minimum is obtained for a//?=37-3 G y and t0 = 44-6 min, which is in good agree-
ment with the values that Guttenberger et al. (1990) have obtained by the 
parametric method. The regrowth delay as a function of the more complex dose 
metameter is represented in Figure A 3 . 
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Figure A 3 . Regrowth delays, xkJ versus the dose metameter xk = ajßDk + q„(At) x Dk jnh for 
the values of ajß and t0 from Figure A 2 . 
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The nonparametric method can, even in this more complex case, serve as a 
useful intermediate step that provides guidance for the choice of an appropriate 
analytical expression, T(JC), in a subsequent parametric analysis. By itself the 
method is, however, less satisfactory, because it is impracticable to utilize a 
bootstrap method for the derivation of Standard errors; a parametric fit with an 
optimization algorithm can achieve this more readily. 
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